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Do you know what a quasi-trivial solution is?

ⓘ Start presenting to display the poll results on this slide.
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Quasi-Trivial (QT) solutions: discovery & definition
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Discovered in 2001 by 

Vannucci and Verchery

“[…] a particular class of solutions for the two inverse problems of finding 

uncoupled or quasi-homogeneous laminates made by identical 

anisotropic layers. These solutions, called quasi-trivial […]”

https://doi.org/10.1016/S0266-3538(01)00039-2


Elastic design of 
laminates
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Laminate constitutive behavior (CLPT)
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Desirable laminate elastic behaviors
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Uncoupling 𝑩 =
0 0 0
0 0 0
0 0 0
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Would you be able to design a 

laminate with ...

ⓘ Start presenting to display the poll results on this slide.



12



Summer AMADE Day

Desired 
properties…
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𝑩 = 𝟎 (Uncoupled)

𝑨 orthotropic

𝑨 orthotropic, 𝑩 = 𝟎

𝑨 isotropic (quasi-isotropic)

𝑨 isotropic, 𝑩 = 𝟎

𝑫 orthotropic

𝑫 orthotropic, 𝑩 = 𝟎

𝑫 isotropic

𝑫 isotropic, 𝑩 = 𝟎

𝑨 & 𝑫 orthotropic

𝑨 & 𝑫 orthotropic, 𝑩 = 𝟎

𝑨 & 𝑫 isotropic

𝑨 & 𝑫 isotropic, 𝑩 = 𝟎

Symmetric

Balanced

Balanced + symmetric

Werren & Norris

Werren & Norris + symmetric

Antisymmetric

?

?

?

Antisymmetric

?

?

?

… design 
strategy… and …

[60/0/-60], 

[0/90/±45],

…
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Desired 
properties…
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𝑩 = 𝟎 (Uncoupled)

𝑨 orthotropic

𝑨 orthotropic, 𝑩 = 𝟎

𝑨 isotropic (quasi-isotropic)

𝑨 isotropic, 𝑩 = 𝟎

𝑫 orthotropic

𝑫 orthotropic, 𝑩 = 𝟎

𝑫 isotropic

𝑫 isotropic, 𝑩 = 𝟎

𝑨 & 𝑫 orthotropic

𝑨 & 𝑫 orthotropic, 𝑩 = 𝟎

𝑨 & 𝑫 isotropic

𝑨 & 𝑫 isotropic, 𝑩 = 𝟎

Symmetric

Balanced

Balanced + symmetric

Werren & Norris

Werren & Norris + symmetric

Antisymmetric

?

?

?

Antisymmetric

?

?

?

… design 
strategy… and …

[60/0/-60], 

[0/90/±45],

…

For uncoupling we are restricted 

to using symmetry

We do not have strategies to 

control the bending behavior
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Stiffness matrices: their definition
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𝑛3
σ𝑘=1
𝑛 𝑑𝑘 𝑸(𝛿𝑘)

𝑨 =
ℎ

𝑛
σ𝑘=1
𝑛 𝑸(𝛿𝑘)

𝑏𝑘 = 2𝑘 − 𝑛 − 1

𝑑𝑘 = 12𝑘 𝑘 − 𝑛 − 1 + 4 + 3𝑛 𝑛 + 2
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Stiffness matrices: their definition
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ℎ
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𝑨 =
ℎ

𝑛
σ𝑘=1
𝑛 𝑸(𝛿𝑘)

𝑏𝑘 = 2𝑘 − 𝑛 − 1

𝑑𝑘 = 12𝑘 𝑘 − 𝑛 − 1 + 4 + 3𝑛 𝑛 + 2

→ No dependence on ply positions 𝑘!

𝑨 orthotropic

𝑨 isotropic

Balanced

W&N layups
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Stiffness matrices: their definition
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ℎ
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Symmetric
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Stiffness matrices: their definition
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ℎ

1
2

…
𝑘

…

𝑛

𝑩 =
1

2

ℎ2

𝑛2
σ𝑘=1
𝑛 𝑏𝑘 𝑸(𝛿𝑘)

𝑫 =
1

12

ℎ3

𝑛3
σ𝑘=1
𝑛 𝑑𝑘 𝑸(𝛿𝑘)

𝑨 =
ℎ

𝑛
σ𝑘=1
𝑛 𝑸(𝛿𝑘)

𝑏𝑘 = 2𝑘 − 𝑛 − 1
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𝑫 orthotropic Antisymmetric

𝑫 isotropic ?



Quasi-trivial 
solutions
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Uncoupled QT solutions: let’s find them!
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Sample laminate: [𝜗1/𝜗2/𝜗2/𝜗3/𝜗1/𝜗1/𝜗2]

σ𝑗=1
𝑚 σ𝑘∈𝐺𝑗

𝑏𝑘 𝑸(𝛿𝑘)

𝑩 =
1

2

ℎ2

𝑛2
σ𝑘=1
𝑛 𝑏𝑘 𝑸(𝛿𝑘)

Orientations: 𝜗1, 𝜗2, …𝜗𝑗 , … , 𝜗𝑚

𝐺𝑗 = 𝑘: 𝛿𝑘 = 𝜗𝑗

σ𝑗=1
𝑚 σ𝑘∈𝐺𝑗

𝑏𝑘 𝑸(𝜗𝑗)

σ𝑗=1
𝑚 𝑸(𝜗𝑗)σ𝑘∈𝐺𝑗

𝑏𝑘

Orientations: 𝜗1, 𝜗2, 𝜗3

𝐺1 = 1,5,6

𝐺2 = 2,3,7

𝐺3 = 4

σ𝑘∈𝐺𝑗
𝑏𝑘 = 0 ∀ 𝑗 = 1,… ,𝑚 ⇒ 𝑩 = 𝟎

1
2
3

4
5

6
7

𝑘 𝑏𝑘

−6
−4

0
2
4
6

−2

𝑗 = 1 ⇒ −6 + 2 + 4 = 0

𝑗 = 2 ⇒ −4 − 2 + 6 = 0

𝑗 = 3 ⇒ 0

⇒

⇒ 𝑩 = 𝟎

QT uncoupled solutions!
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Extension-bending-homogeneous and quasi-
homogeneous QT solutions
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𝑪 = 𝑨∗ −𝑫∗ =
1

𝑛3
σ𝑘=1
𝑛 𝑐𝑘𝑸(𝛿𝑘)

𝑨∗ =
𝑨

ℎ

𝑩 =
1

2

ℎ2

𝑛2
σ𝑘=1
𝑛 𝑏𝑘 𝑸(𝛿𝑘)

𝑫 =
1

12

ℎ3

𝑛3
σ𝑘=1
𝑛 𝑑𝑘 𝑸(𝛿𝑘)

𝑨 =
ℎ

𝑛
σ𝑘=1
𝑛 𝑸(𝛿𝑘)

𝑫∗ = 12
𝑫

ℎ3

𝑐𝑘 = 𝑛2 − 𝑑𝑘

σ𝑘∈𝐺𝑗
𝑐𝑘 = 0 ∀ 𝑗 = 1,… ,𝑚 ⇒ 𝑪 = 𝟎 QT extension-bending homogeneous solutions!

σ𝑘∈𝐺𝑗
𝑏𝑘 = 0 ∀ 𝑗 = 1,… ,𝑚 ⇒ 𝑩 = 𝟎

σ𝑘∈𝐺𝑗
𝑐𝑘 = 0 ∀ 𝑗 = 1,… ,𝑚 ⇒ 𝑪 = 𝟎

QT quasi-homogeneous solutions!
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QT solutions: a few remarks
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• No dependence on 𝑸(𝛿𝑘):

o σ𝑘∈𝐺𝑗
𝑏𝑘 = 0 ∀ 𝑗 = 1,… ,𝑚 ⇒ 𝑩 = 𝟎

o σ𝑘∈𝐺𝑗
𝑐𝑘 = 0 ∀ 𝑗 = 1,… ,𝑚 ⇒ 𝑪 = 𝟎

⇒ orientations can be chosen freely 

• Symmetric layups are a (small!) sub-class of uncoupled QT solutions

• 𝑪 = 𝟎 ⇒ 𝑨∗ = 𝑫∗

⇒ bending behavior can be designed by together with extension one!



Summer AMADE Day
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(     Symmetric solutions)
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Desired 
properties…
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𝑩 = 𝟎 (Uncoupled)

𝑨 orthotropic

𝑨 orthotropic, 𝑩 = 𝟎

𝑨 isotropic (quasi-isotropic)

𝑨 isotropic, 𝑩 = 𝟎

𝑫 orthotropic

𝑫 orthotropic, 𝑩 = 𝟎

𝑫 isotropic

𝑫 isotropic, 𝑩 = 𝟎

𝑨 & 𝑫 orthotropic

𝑨 & 𝑫 orthotropic, 𝑩 = 𝟎

𝑨 & 𝑫 isotropic

𝑨 & 𝑫 isotropic, 𝑩 = 𝟎

QT (𝑩 = 𝟎)

Balanced

Balanced + QT (𝑩 = 𝟎)

Werren & Norris

Werren & Norris + QT (𝑩 = 𝟎)

Antisymmetric / balanced + QT (𝐂 = 𝟎)

Balanced + QT (𝑩 = 𝟎, 𝐂 = 𝟎)

Werren & Norris + QT (𝐂 = 𝟎)

Werren & Norris + QT (𝑩 = 𝟎, 𝐂 = 𝟎)

Antisymmetric / Balanced + QT (𝐂 = 𝟎)

Balanced + QT (𝑩 = 𝟎, 𝐂 = 𝟎)

Werren & Norris + QT (𝐂 = 𝟎)

Werren & Norris + QT (𝑩 = 𝟎, 𝐂 = 𝟎)

…design 
strategy… vs …
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Desired 
properties…
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𝑩 = 𝟎 (Uncoupled)

𝑨 orthotropic

𝑨 orthotropic, 𝑩 = 𝟎

𝑨 isotropic (quasi-isotropic)

𝑨 isotropic, 𝑩 = 𝟎

𝑫 orthotropic

𝑫 orthotropic, 𝑩 = 𝟎

𝑫 isotropic

𝑫 isotropic, 𝑩 = 𝟎

𝑨 & 𝑫 orthotropic

𝑨 & 𝑫 orthotropic, 𝑩 = 𝟎

𝑨 & 𝑫 isotropic

𝑨 & 𝑫 isotropic, 𝑩 = 𝟎

QT (𝑩 = 𝟎)

Balanced

Balanced + QT (𝑩 = 𝟎)

Werren & Norris

Werren & Norris + QT (𝑩 = 𝟎)

Antisymmetric / balanced + QT (𝐂 = 𝟎)

Balanced + QT (𝑩 = 𝟎, 𝐂 = 𝟎)

Werren & Norris + QT (𝐂 = 𝟎)

Werren & Norris + QT (𝑩 = 𝟎, 𝐂 = 𝟎)

Antisymmetric / Balanced + QT (𝐂 = 𝟎)

Balanced + QT (𝑩 = 𝟎, 𝐂 = 𝟎)

Werren & Norris + QT (𝐂 = 𝟎)

Werren & Norris + QT (𝑩 = 𝟎, 𝐂 = 𝟎)

…design 
strategy… vs …

Much wider design space for all 

situations where uncoupling is 

required

Design strategies for bending 
behavior become trivial with QT 

with C=0



Concluding 
remarks
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Concluding remarks

A few things that were not mentioned:

Thermo-hygro-elasticity

More subtle properties

• Less relevant to laminates design
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ΔT

Successful applications:

Fully-Uncoupled Multi-Directional delamination specimens

Optimisation problems

Design of VAT laminates

Limitations to adoption:

Limited availability

Complex search algorithm required

• Computational power limitations
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reflects only the author’s view.
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